A b s t r a c t. A graph G on n vertices v
Introduction

Let G = (V (G), E(G)) be a graph with |V (G)| = n vertices and |E(G)
|
. , k , (v i j−1 , v i j ) ∈ E(G)
. The number of all walks of length k in the graph G is denoted by W k (G) . It is both consistent and convenient to set W 0 (G) = n ; note also that W 1 (G) = 2m .
In a recent work [7] the way in which W k (G) increases with k was studied. For this an auxiliary quantity ∆ k (G) was introduced [4, 5] , defined as
It is easy to show that the equality ∆ k (G) = 0 holds for all k ≥ 1 if and only if G is a regular graph. There exist graphs for which the equality ∆ k (G) = 0 holds for all k > 1 . These were named harmonic graphs [4, 5] and may be viewed as a peculiar generalization of regular graphs. Grünewald [6] determined all harmonic trees (for details see below) and the present authors together with Grünewald determined all unicyclic, bicyclic and tricyclic harmonic graphs [1] . In this work we go a step further and find all tetracyclic harmonic graphs. In order to do this we need some preparation.
If the graph G has p components, then c = m − n + p is the cyclomatic number of G and this graph is said to be c-cyclic. In particular, if c = 4 we speak of tetracyclic graphs. If the graph G is connected (p = 1) and c = 0 then G is a tree.
The number of first neighbors of the vertex v i is the degree of this vertex and is denoted by d(v i ) . A vertex of degree k will be referred to as a k-vertex.
The number of k-vertices is denoted by n k . Then
A graph G is said to be harmonic [4, 5] if there exists a constant λ , such that the equality
holds for all i = 1, 2, . . . , n . The fact that the property W k (G) = 0 for all k > 0 is a consequence of Eq. (3) has been demonstrated elsewhere [4, 5] .
In [1] the following connection to graph spectral theory [2] was pointed out. If A(G) is the adjacency matrix of G then the system of equations (3) is equivalent to 
which is a necessary, but not sufficient, condition that harmonic graphs must obey.
Some Auxiliary Results
In our previous work [1] a number of results were obtained, applicable either to all harmonic graphs or to harmonic graphs with small number of cycles. Here we re-state (without proof) some of these results, needed for the proof of our main result, i. e., of Theorem 10. These are the Lemmas 1, 2, 4, 5, 6, 7 and 8. The result stated here as Theorem 3 is due to Grünewald [6] . We also state (with proof) a novel Lemma 9. From Lemma 1 we conclude that it is reasonable to restrict our considerations to connected non-regular graphs. The fact that such harmonic graphs do exist and that their structure is non-trivial became evident after the discovery of Theorem 3 [6] .
Lemma 1. (a) Let the graph G be obtained from the graph G by adding to it an arbitrary number of 0-vertices. Then G is harmonic if and only if G is harmonic. (b) If G is a graph without 0-vertices, then G is λ-harmonic if and only if all its components are λ-harmonic. (c) Every regular graph is harmonic. Every regular graph of degree k is
Let λ be a positive integer. Construct the Grünewald tree T λ in the following manner. T λ has a total of λ 3 − λ 2 + λ + 1 vertices, of which one vertex is a (λ 2 − λ + 1)-vertex, λ 2 − λ + 1 vertices are λ-vertices and (λ − 1)(λ 2 − λ + 1) vertices are 1-vertices. Each λ-vertex is connected to λ − 1 1-vertices and to the (λ 2 − λ + 1)-vertex.
Theorem 3 [6] . For any positive integer λ there exists a unique λ-harmonic tree, isomorphic to T λ .
Lemma 4. The Grünewald tree T 2 is the unique connected non-regular 2-harmonic graph.
Bearing in mind Lemmas 2 and 4, in the following we may assume that λ ≥ 3 .
Lemma 5. (a) In a λ-harmonic graph every 1-vertex is adjacent to a vertex of degree λ . (b) If a λ-harmonic graph is not regular, then it has a vertex of degree greater than λ . (c) In a harmonic graph (with n > 2) no 1-vertex is attached to any vertex of greatest degree.
For the below considerations is of importance the relation [1] 
obtained by combining the equalities (1) and (2) and using the fact that the respective graphs are connected (m = n + c − 1). Before we formulate our main result -Theorem 10 -we demonstrate the validity of another auxiliary result that will be often used in the proof of Theorem 10. Then, because of (3),
where v, x 1 , . . . , x d(u)−1 are the vertices adjacent to the vertex u . This yields
If follows that there must exist at least one i (i = 1, 2, . . . , λ − 2) , such that d(x i ) = 1 , which because of Lemma 5 (a) is impossible. Therefore, it cannot be d(u) = λ − 1 .
Consider now the case d(u) = λ − t for some t ≥ 2 . Then from Eq. (3),
This again is a contradiction: for t = 2 inequality (7) becomes 0 < −1 . For t > 2 inequality (7) implies λ < (t − 3)/(t − 2) < 1 which is impossible in view of the assumption λ ≥ 3 . Thus, it cannot be d(u) < λ − 1 .
Consequently, if d(v) > λ 2 − 3 λ + 4 and (u, v) ∈ E(G) then it must be
If, however, the degree of any neighbor of the vertex v is greater or equal to λ then from 
The Main Result
Theorem 10. There are exactly 18 non-regular connected tetracyclic harmonic graphs, depicted in Fig. 1 . C a s e 1. From Lemma 8 follows that n 3 − n 1 ≥ 0 . By means of relation (6) , for c = 4 we get −n 1 + n 3 + 2 n 4 + 3 n 5 + 4 n 6 = 6 from which 2 n 4 + 3 n 5 + 4 n 6 − 6 = n 1 − n 3 ≤ 0 and we conclude that
From Eq. (5) we get −2 n 1 − 2 n 2 + 4 n 4 + 10 n 5 + 18 n 6 = 0 which, by taking into account (8), implies
According to Lemma 9, a 6-vertex (i. e., a vertex of degree 6) is adjacent only to 3-vertices. The two neighbors of every 3-vertex, adjacent to a 6-vertex, must be a 1 and a 2-vertex. Therefore, n 1 ≥ 6 , n 2 ≥ 3 and, consequently, n 1 + n 2 ≥ 9 . In what follows we distinguish between two subcases.
S u b c a s e 1.1. n 4 = 0 ; n 5 = 0 ; n 6 = 1 ; n 3 = n 1 + 2 ; n 1 + n 2 = 9 (9)
In this case it is easy to see that n 1 = 6 , n 2 = 3 , n 3 = 8 , n 4 = 0 , n 5 = 0 , n 6 = 1 . Each of the three 2-vertices must be adjacent to two 3-vertices (which, in turn, are adjacent to the 6-vertex), and an excess of two 3-vertices remains. Therefore there cannot exist a 3-harmonic graph satisfying the conditions (9).
S u b c a s e 1.2. n 4 = 1 ; n 5 = 0 ; n 6 = 1 ; n 3 = n 1 ; n 1 + n 2 = 11 (10)
The 4 and 6-vertices are adjacent only to 3-vertices, and therefore the number of 3-vertices is greater than or equal to 10. Because of n 2 ≥ 3 we now have n 1 = n 3 ≥ 10 and n 1 + n 2 ≥ 13 , which contradicts to the last equality in (10). Therefore, there cannot exist a 3-harmonic graph satisfying the conditions (10).
C a s e 2. Equations (5) and (6) which together with the relation n 3 −n 1 ≥ 0 imply that either n 4 = 0 , n 5 = 2 or n 4 = 1 , n 5 = 1 or n 4 = 0 , n 5 = 1 . We distinguish between three subcases.
S u b c a s e 2.1.
Because of Lemma 9, every 5-vertex is adjacent only with 3-vertices. Therefore n 3 ≥ 10 and n 1 ≥ 10 and in view of the last equality in (11), n 1 = 10 , n 2 = 0 , n 3 = 10 , n 4 = 0 , n 5 = 2 . Denote the two 5-vertices by u and v . Denote the 3-vertices adjacent to u and v by x 1 , x 2 , . . . , x 5 and y 1 , y 2 , . . . , y 5 , respectively. The three neighbors of any 3-vertex are a 5-, a 3-and a 1-vertex. The graph induced by the 3-vertices is 5 K 2 , and there are either one or three or five edges connecting the vertices {x 1 , x 2 , . . . , x 5 } and {y 1 , y 2 , . . . , y 5 } . In view of this, G 1 , G 2 and G 3 (depicted in Fig. 1 ) are the only 3-harmonic graphs satisfying the conditions (11).
S u b c a s e 2.2.
By Lemma 9, the 5-and 4-vertices are adjacent only with 3-vertices. Furthermore, no 3-vertex can be simultaneously adjacent to a 5-and a 4-vertex. Consequently, n 3 ≥ 9 , which implies n 1 = n 3 − 1 ≥ 8 and n 1 + n 2 ≥ 8 . This violates the last equality in (12), and we conclude that there cannot exist a 3-harmonic graph satisfying the conditions (12).
S u b c a s e 2.3. n 4 = 0 ; n 5 = 1 ; n 3 = n 1 + 3 ; n 1 + n 2 = 5 (13)
Theorem 11. There are exactly 2 regular connected tetracyclic harmonic graphs, depicted in Fig. 2 . It is well known [3] (and easy to show) that there are exactly two cubic graphs on 6 vertices, the graphs G 19 and G 20 depicted in Fig. 2. 2 
Summary
Together with the results reported elsewhere [1, 6] we may now summarize the achievements of the search for harmonic graphs with small number of cycles. For a fixed value of the cyclomatic number c the number of connected c-cyclic regular and non-regular harmonic graphs is denoted by #r(c) and #nr(c), respectively. The following are the known values of #r(c) and #nr(c): 
